We introduce a model based on the one-dimensional nonlinear Schrödinger equation (NLSE) with the critical (quintic) or supercritical self-focusing nonlinearity. We demonstrate that a family of solitons, which are unstable in this setting against the critical or supercritical collapse, is stabilized by pinning to an attractive defect, that may also include a parity-time (PT )-symmetric gain-loss component. The model can be realized as a planar waveguide in nonlinear optics, and in a superTonks-Girardeau bosonic gas. For the attractive defect with the delta-functional profile, a full family of the pinned solitons is found in an exact analytical form. In the absence of the gain-loss term, the solitons' stability is investigated in an analytical form too, by means of the Vakhitov-Kolokolov criterion; in the presence of the PT -balanced gain and loss, the stability is explored by means of numerical methods. In particular, the entire family of pinned solitons is stable in the quintic (critical) medium if the gain-loss term is absent. A stability region for the pinned solitons persists in the model with an arbitrarily high power of the self-focusing nonlinearity. A weak gain-loss component gives rise to intricate alternations of stability and instability in the system's parameter plane. Those solitons which are unstable under the action of the supercritical self-attraction are destroyed by the collapse. On the other hand, if the self-attraction-driven instability is weak and the gain-loss term is present, unstable solitons spontaneously transform into localized breathers, while the collapse does not occur. The same outcome may be caused by a combination of the critical nonlinearity with the gain and loss. Instability of the solitons is also possible when the PT -symmetric gain-loss term is added to the subcritical nonlinearity. The system with self-repulsive nonlinearity is briefly considered too, producing completely stable families of pinned localized states.
I. INTRODUCTION AND THE MODEL
It is well established that non-Hermitian Hamiltonians, subject to the constraint of the parity-time (PT ) symmetry, may satisfy the fundamental condition of the reality of energy spectra, hence they may be physically relevant objects [1]- [5] . A single-particle PT -symmetric Hamiltonian usually contains a complex potential,
whose real V (r) and imaginary W (r) parts are, respectively, even and odd functions of coordinates, i.e.,
where the asterisk stands for the complex conjugate. Usually, the energy spectrum generated by the PTsymmetric potential remains real below a threshold value of the amplitude of its imaginary part, W (r) in Eq. (1), above which the PT symmetry breaks down [6, 7] . Nevertheless, examples of systems with unbreakable PT symmetry are known too [8] . In fact, the linearized version * Electronic address: zyyan@mmrc.iss.ac.cn of the model introduced in the present work also avoids the breakdown, see Eqs. (18) and (19) below. While the PT symmetry was not experimentally implemented in quantum systems (and it was argued that it does not hold in the framework of the quantum field theory [11] ), the possibility to realize the PT symmetry in classical photonic media with mutually balanced spatially separated gain and loss elements was elaborated both theoretically [12] - [44] and experimentally [45] - [50] . In addition to that, the same concept can be realized in optomechanics [51] , acoustics [52, 53] , magnetism [54] , and Bose-Einstein condensates [55] [56] [57] .
Being a linear feature, the PT symmetry often occurs in combination with the Kerr nonlinearity of optical media in which it is implemented. The respective model amounts to the nonlinear Schrödinger equation (NLSE) with a complex potential which is subject to condition (2). The NLSE gives rise to PT -symmetric solitons, which were a subject of intensive theoretical work, see, e.g., original papers [14] , [20] - [38] , [43, 44, 55, 58] , and reviews [59, 60] . The existence of PT -symmetric solitons was also experimentally demonstrated in optical lattices [48] . Although PT -symmetric media are, as a matter of fact, dissipative ones, solitons in these media appear in continuous families, which is typical for conser-vative models [61, 62] . It is relevant to stress that PTsymmetric solitons lose their stability at a critical value of the strength of the gain-loss terms which is smaller than the above-mentioned threshold value, above which the PT symmetry breaks down in the given system. Between these values, the solitons still exist, but they are unstable [20, 21, 23, 28] .
A specific form of the one-dimensional (1D) PTsymmetric potential (1) is represented by a deltafunctional dipole, namely,
[δ ′ (x) stands for the first-order derivative of the deltafunction], which was considered in various contexts (including, naturally, a regularized version of the deltafunction) [56] - [67] . In particular, an advantage offered by potential (3) is that it allows one to construct exact solutions for solitons pinned to the PT -symmetric defect embedded in a spatially uniform nonlinear medium [56, 63] , although the stability of such states, which is a crucially important issue in the context of PT symmetry, was addressed by means of numerical methods. Actually, models of this type were previously elaborated only for embedding media with the cubic self-focusing or defocusing nonlinearity. While it indeed represents the most common type of the self-interaction in photonics and other settings which admit the realization of the PT symmetry, higher-order nonlinearities also occur in optics. In particular, it was experimentally demonstrated that combinations of cubic, quintic, and septimal terms in the optical response of colloidal waveguides can be efficiently engineered by adjusting the size and density of metallic nanoparticles in the colloidal suspension [68, 69] . This technique makes it possible to create an optical medium with a nearly pure quintic or septimal nonlinearity of either sign. On the other hand, a 1D NLSE with the quintic self-attraction is an approximate model of the super-Tonks-Girardeau state, i.e., a quantum gas of strongly interacting bosons in a highly excited state [70] . The attraction center in the bosonic gas can be implemented, as usual, by means of a tightly focused red-detuned laser beam. The consideration of these possibilities is relevant, in particular, because the quintic self-focusing in 1D gives rise to the critical collapse and one-dimensional solitons of the Townes type [71] , suggesting one to look for possibilities to stabilize such solitons, which are unstable in uniform media [72, 73] .
The objective of the present work is to consider solitons pinned to the PT -symmetric defect (3), embedded in the 1D uniform medium with general self-focusing nonlinearity, of power 2σ + 1 with σ > 0 (σ = 1/2, 1, and 2 correspond, respectively, to the quadratic, cubic, and critical quintic self-focusing nonlinearities), the respective scaled NLSE for the wave amplitude ψ taking the form of
where z and x are the propagation distance and transverse coordinate, in terms of the underlying optical planar waveguide, the nonlinearity coefficient is normalized to be +1 (which implies self-focusing), ψ xx represents the paraxial diffraction, and ε > 0 accounts for the attraction strength of the defect (it can be realized by means of the available technique [74] , implanting resonant dopants inducing a high refractive index doping in a narrow stripe of the waveguide along the z axis), while its gain-loss component is accounted for by coefficient γ ≥ 0. The latter ingredient of the model can be implemented, also by means of the doping technique, as parallel narrow amplifying and absorbing stripes, separated by a small distance, the respective transverse sizes being on the order of one or few wavelengths of the light beam, while the use of the paraxial propagation equation (4) implies that the transverse size of the beam is much larger than the wavelength, therefore the δ-functions and its derivative offer a natural approximation in this case. The abovementioned model of the super-Tonks-Girardeau gas may be approximated by Eq. (4) with z replaced by scaled time, t, the quintic self-attraction (σ = 2), and γ = 0. The remaining scaling invariance of Eq. (4) allows one to fix ε ≡ 1, replacing the original variables bỹ
This rescaling does not affect γ. The analysis reported below includes the case of the attraction center in the conservative medium, i.e., γ = 0, which was previously studied only for the linear and cubic embedding media (σ = 0 or 1). The present model with γ = 0 and higher-order nonlinearity, σ > 1, including the above-mentioned critical (quintic) case, σ = 2, and supercritical one, σ > 2, makes it possible to construct a full family of exact solutions for solitons pinned to the attractive defect, and predict their stability in an analytical form, by means of the Vakhitov-Kolokolov (VK) criterion, which applies to a broad class of conservative models with self-attraction [73, [75] [76] [77] [78] (its generalization for solitons in self-repulsive media, in the form of the anti-VK criterion, is known too [79] ). Analytical solutions in the form of a family of pinned solitons are also obtained for the PT -symmetric defect, with γ > 0, although their stability is investigated by means of a numerically implemented method, with the delta-function replaced, as usual, by its regularized version, see Eq. (39) below.
The rest of the paper is arranged as follows. The general theory and analytical results, including the exact solutions for the delta-functional defect, application of the VK criterion for the stability analysis, and also a brief summary of results for the model with the self-repulsive nonlinearity, are presented in Section II. Numerical findings, including solution of the stability problem through the computation of eigenvalues for small perturbations, and simulations of the evolution of unstable solitons, are reported in Section III. The paper is concluded by Section IV.
II. GENERAL THEORY AND ANALYTICAL RESULTS

A. Stationary states
Stationary localized states with propagation constant k > 0 are looked for as solutions to Eq. (4) in the form of
with complex function φ(x) satisfying the ordinary differential equation with the singular PT -symmetric potential,
[recall ε ≡ 1 is fixed in Eq. (4) by the rescaling (5)]. The complex function φ(x) in Eq. (7) can be rewritten as [30] φ
with real amplitude ϕ(x) and local wavenumber v(x) satisfying coupled nonlinear ordinary differential equations:
Stability of the stationary states is explored by considering their perturbed version,
where η is an amplitude of the infinitesimal perturbation with a (generally, complex) eigenvalue, ω, and components F (x) and G(x), which satisfy the matrix equation, produced by the substitution of ansatz (9) and linearization:
Here * stands for the complex conjugate, and the constituent operators arê
The generic stationary states are stable if all the corresponding eigenvalues ω have zero imaginary parts (the above-mentioned Townes' solitons, that are actually degenerate states, feature a specific subexponentially growing instability, which is accounted for by additional zero eigenvalues).
B. Exact solutions and the Vakhitov-Kolokolov stability criterion
In the conservative version of the model, with γ = 0, an exact real solution to Eq. (7), which may be considered as a soliton pinned to the attractive defect, can be readily obtained:
with real parameter ξ > 0 determined by equation
i.e.,
The squared amplitude of the pinned soliton is
It follows from Eq. (15) that the solutions exist with the propagation constant exceeding a cutoff value,
as the amplitude vanishes at k → 1/2. Further, a family of exact localized PT -symmetric solutions to Eq. (7) can also be found in the presence of the gain-loss term, i.e., for γ > 0, similar to how it was done in Ref. [63] for the cubic nonlinearity (σ = 1):
where φ γ=0 (x) is the solution for γ = 0, as given by Eqs. (12) and (13) . The jump in the phase in expression (17) is produced by the singular term −iγδ ′ (x) in complex potential (3) .
Note that the exact localized solution for the linearized system, with nonlinear term |φ| 2σ φ dropped in Eq. (7), is given by Eqs. (12) and (17) with ξ → ∞. This solution exists for the single value of the propagation constant,
where φ 0 is an arbitrary constant. In addition to this localized mode existing at the single positive value of k, the linearized system supports a continuous spectrum of delocalized modes with k < 0:
Solutions (18) and (19) exist at all values of the gain-loss strength γ, i.e., unlike the above-mentioned generic situation, in the present linearized model the PT symmetry does not suffer the breakdown with the increase of γ.
A fundamental characteristic of the family of localized states is its norm (alias the integral power, in terms of spatial solitons in the optical waveguide), which is given by the same expression for the solutions with γ = 0 and γ > 0:
In the limit of k → 1/2, Eq. (20) demonstrates that the norm vanishes as
According to the VK criterion [73, [75] [76] [77] [78] , the necessary stability condition in the conservative model, with γ = 0, is ∂N/∂k > 0. In particular, in the case of the usual Kerr nonlinearity (σ = 1), Eq. (20) takes a very simple form [63] ,
which implies an evident result, that the pinned solitons are VK-stable modes in the cubic medium. Similar to this result, the norm of the pinned solitons diverges, at k → ∞, for all subcritical nonlinearities, with σ < 2, as where Γ is the Gamma-function. More interesting is the critical case of σ = 2 (the quintic nonlinearity), which was not considered previously in the combination with the attractive defect. In this case, Eq. (20) yields
see Fig. 1(a) . The uniform medium [with ε = 0, in terms of Eq. (3)] formally corresponds to k → ∞, which implies the degeneracy of the corresponding family of the 1D Townes' solitons: their norm takes a single value,
which does not depend on the soliton's propagation constant. In terms of the VK criterion, the constant norm formally corresponds to the neutral stability, with ∂N/∂k = 0. However, it is well known that the Townes' solitons are always unstable against the spontaneous onset of the critical collapse, although their instability is subexponential. as mentioned above [73] (for this reason, it is not detected by the VK criterion).
In the case of γ = 0 and σ = 2, Eq. (24) clearly demonstrates ∂N/∂k > 0 at all values of k > 1 2 (see Fig. 1 ), suggesting that the 1D Townes' solitons, which are completely unstable in the free space, are completely stabilized by the attractive center, irrespective of its strength. This conjecture was corroborated by the full stability analysis based on the numerical solution of eigenvalue equation (10) , as well as by direct simulations of the perturbed evolution of the pinned solitons.
For the slightly supercritical case, with 2 < σ ≪ 3, the N (σ, k) dependence derived from Eq. (20) can be approximated by
(26) This dependence satisfies the VK criterion at
and does not satisfy it at k > k cr . The approximate dependence (26) attains a maximum at k = k cr , which, in the lowest approximation, turns out to be N max = N Townes , see Eq. (25) . Accordingly, the pinned solitons are expected to be stable in this supercritical case (with γ = 0, i.e., in the absence of the gain and loss) in the region of 1/2 < k < k cr , and to suffer the onset of the supercritical collapse (spontaneous blowup) at k > k cr .
In particular, for σ = 2.4 (not very close to σ = 2, but still relatively close), the dependence given by Eq. (26) is plotted in Fig. 1(b) , where k cr ≈ 7.75, while approximation (27) yields k cr ≈ 5.07 for σ = 2.4. Another corollary of Eqs. (26) and (27) is that derivative ∂N max /∂σ slowly diverges at the border of the supercritical case, i.e., at σ → 2:
This result agrees with the fact that N max = ∞ at σ < 2, as it follows from Eq. (23). Figure 2 displays the dependence N (σ, k), numerically calculated as per Eq. (20) , for different critical and supercritical values of the nonlinearity power, viz., σ = 2, 2.25, 2.5, 2.75, 3. While, as said above, in the critical case of σ = 2 condition ∂N (σ, k)/∂k > 0 holds at all k > 1 2 , at each supercritical value, σ > 2, the N (σ, k) dependence indeed features the critical point, k cr , at which the slope, ∂N/∂k, changes its sign, and the norm attains its largest value, N max = N (k cr ) [note that, as follows from Eq. (20) 
(1/σ−1/2) → 0, for any σ > 2]. The prediction of the VK criterion, that, in the case of γ = 0, the pinned solitons are stable in the region of 1/2 < k < k cr , i.e., 0 < N < N max , is corroborated by the calculation of the stability eigenvalues via Eq. (10), as well as by direct simulations of perturbed evolutions of the solitons. In particular, the VK-unstable solitons, existing at k > k cr , are indeed destructed by the spontaneous blowup, see Fig. 4(a) below. Thus, the attractive defect provides for the partial stabilization of the solitons in the case of the supercritical nonlinearity, for all values of σ > 2, while all solitons are strongly unstable in this case in the absence of the defect. Naturally, The maximum norm of the pinned solitons, attained at the stability-boundary, k = kcr, at which ∂N/∂k = 0, versus σ (in the supercritical interval, 2 < σ ≤ 3). In the case of γ = 0, the pinned solitons are stable in the region of 1/2 < k < k cr , which corresponds to 0 < N < N max. Fig. 2(a) demonstrates that the stability region (in both forms of 1/2 < k < k cr and 0 < N < N max ), maintained by the interplay of the supercritical self-attractive nonlinearity and attraction center, shrinks with the increase of the nonlinearity power, σ. Nevertheless, the stability region persists even at large values of σ. Indeed, if σ is treated as a large parameter, while k − 
[cf. Eq. (21)], which yields
The limit value of N max = 1, given by Eq. (30), agrees with the numerical results displayed in Figs. 
2(b) and 3(d).
Finally, to better understand the physical meaning of the PT -symmetric stationary state, φ γ>0 (x), given by Eq. (17), it is relevant look at its power flux (the Poynting vector), S(x) = Im φ * (x) d dx φ(x) . The substitution of Eqs. (7) and (17) yields a singular expression,
A regular characteristic of the transport in the PTsymmetric pattern is provided by the globally normalized flux,Ŝ
where A(σ, k) is the amplitude of the pinned soliton, given by Eq. (15) . An essential feature of this expression is its sign, which, in comparison with Eq. (4), clearly demonstrates that the power flows, as it should, from the source (gain) towards the sink (loss).
C. Exact solutions with the self-defocusing nonlinearity
It is relevant to briefly consider the model with the selfrepulsive uniform nonlinearity, i.e., with Eq. (4) replaced by
In this case, the exact solution for γ = 0 is readily found as
with
and the squared amplitude
(36) As it follows from Eq. (36), the existence region for the localized modes pinned to the attractive defect embedded in the defocusing medium is k < k cutoff ≡ 1/2, which is exactly opposite to that in the case of self-focusing, cf. Eq. (16) .
In the presence of the gain-loss dipole, which introduces the PT symmetry, i.e., γ > 0, the exact solution is generated from the one for γ = 0 by the same relation (17) which is relevant in the case of self-focusing. As concerns the norm, it takes a simple form in the cubic defocusing medium (σ = 1),
[cf. Eq. (22)]. On the other hand, in the limit case of large σ, the result is
cf. Eq. (29) . It can be checked that, as well as it is obvious in Eqs. (37) and (38) , the N (σ, k) dependence corresponding to the defocusing nonlinearity satisfies the above-mentioned anti-VK criterion, ∂N/∂k < 0 [79] , at all values of σ. Accordingly, all the pinned modes are stable, both at γ = 0 and γ > 0, similar to the case of the self-defocusing cubic nonlinearity [63] . 
III. NUMERICAL SOLUTIONS AND THEIR STABILITY A. Stationary states and small perturbations
While the model with the ideal delta-functional defect admits exact solutions for all values of σ and γ, as given by Eqs. (12), (14) , and (17), their stability in the PT -symmetric model with γ > 0 is a nontrivial problem which should be addressed by means of numerical methods. For this purpose, the ideal delta-function is replaced by the well-known Gaussian regularization,
with width a much smaller than a characteristic size of the pinned mode. This condition is secured by fixing a = 0.03, which is adopted here. It was checked that taking smaller a does not affect the results in any conspicuous way. Stationary equation (12) with δ(x) and δ ′ (x) replaced by δ(x) and δ ′ (x) can be efficiently solved by means of the Petviashvili iteration method [80] , using the above-mentioned analytical solution, valid in the limit of the ideal delta-function, as the initial guess. Then, Eqs. (10) and (11), regularized as per substitution (39) , are numerically solved to predict the stability boundary. Finally, perturbed evolution of the pinned modes was simulated by means of fourth-order Runge-Kutta timestepping scheme. A known necessary and sufficient condition for the stability of the direct simulations amounts to an inequality imposed on the time and space steps, ∆t/ (∆x) 2 ≤ 2 √ 2/π 2 [78] . As a result, it is concluded that the real numerically generated solutions for γ = 0, as well as real parts of the complex solutions for γ > 0, are very close to the analytically predicted counterparts [see Figs. 4(a1,b1,c1,d1,e1) ]. A small difference of the imaginary parts in the latter case (hence, of the phase structure of the complex solitons) from the analytical form given by Eq. (17) is explained by the fact that the numerical solution cannot exactly follow the discontinuous shape of the solution produced by Eq. (17) . (7) and (10) subject to linearization (39) , for the critical and supercritical values of the nonlinearity power, σ = 2 and 2.25, 2.5, 2.75, 3, in the absence of the gain and loss (γ = 0). It is seen that the stability precisely follows the VK criterion, and, in the exact agreement with the analytical prediction, the solitons are completely stable for σ = 2, while the stability region shrinks with the increase of σ in the supercritical case. The respective existence and stability boundary, N max (σ), which is shown by the top curve in Fig. 3(d) , is identical to its analytically predicted counterpart, cf. Fig. 2(b) .
As it may be expected, the stability pattern becomes more complex in the presence of the gain-and-loss term, i.e., at γ > 0, see Figs. 3(b) and (c) for γ = 0.1 and 0.2. It is observed that the VK criterion is no longer sufficient for the stability, in this case. For the relatively large value γ = 0.2, Fig. 3(c) demonstrates strong shrinkage of the stability region, in comparison with the case of γ = 0; in particular, the critical nonlinearity, with σ = 2, keeps the pinned solitons stable only at N < N max ≈ 1.32, while, at γ = 0, the same nonlinearity maintains the stability in the entire existence region of the solitons, up to N = N Townes , see Eq. (25) . The numerically found stability boundaries for γ = 0.1 and 0.2, in the form of N max (σ), are displayed by two bottom curves (which are virtually identical to each other) in Fig. 3(d) . Figure 3 (b) features an intricate structure of the stability pattern, with multiple stability intervals, at smaller values of the gain-loss coefficient, such as γ = 0.1. As seen in Fig. 3(d) , the lowest stability boundary for γ = 0.1 is virtually identical to one for γ = 0.2. However, the actual number of such boundaries observed in 3(b) is, at least, five. Probably, many more boundaries may be revealed by extremely precise numerical data, and it seems plausible that the exact structure of the stability islands, embedded in the instability area, may be fractal, as suggested, in particular, by the fractal alternation of regions of elastic and inelastic collisions between solitons in some nonintegrable conservative models [81] [82] [83] . The fractal structure, if any, may strongly depend in values of γ and σ. A rigorous analysis of this challenging problem is beyond the scope of the present work.
In the presence of the gain and loss, the instability occurs even in the subcritical case, i.e., at σ < 2. While in Figs. 3(b, c) the subcritical branches, corresponding to σ = 1.8, are completely stable in the displayed range of k, they develop weak instability at essentially larger values of k, where the VK derivative, ∂N/∂k ∼ k
[see Eq. (23)] is very small, hence the the effect of the subcriticality is insufficient to suppress the instability induced by the possibility of spontaneous breaking of the PT symmetry. In particular, for σ = 1.8 and γ = 0.2, the pinned soliton is unstable at k = 20, see Figs. 4(e2,e3) below.
B. Direct simulations
The predictions for the (in)stability of the pinned solitons, produced by the application of the VK (or anti-VK) criterion to the analytical solutions in the case of γ = 0, and by the numerical solution of Eq. (10), subject to regularization (39) , for the numerically constructed solutions in the case of γ ≥ 0, were verified by direct simulations of perturbed evolutions of the pinned solitons. It has been concluded that all the modes which were predicted to be stable are stable indeed (not shown here in detail, as simulations of the stable evolution do not reveal new features of the dynamics). The predicted instability is also corroborated by the direct simulations, as shown in Fig. 4 . In particular, in the case of γ = 0 the instability, displayed in panel (a2), leads to sudden blowup of the solution, which is a manifestation of the supercritical collapse. The same happens too, but faster, as a result of the interplay of the supercritical self-attraction and gainloss (γ = 0.2) term, see panel (b2). Panel (c2) demonstrates that, in the case of large k, when the instability related to the supercriticality is weak, as the derivative, |∂N/∂k|, which determines the VK criterion, is small, see Figs. 1(b) and 2(a), the interplay of the weak instability and gain-loss terms leads not to a blowup, but to the formation of a robust localized breather with an amplitude which is essentially smaller than in the original unstable soliton.
Recall that, in the absence of the gain-loss term, all the pinned solitons maintained by the critical nonlinearity, with σ = 2, are stable. The addition of the sufficiently strong gain and loss [in particular, with γ = 0.2, as shown in Fig. 4(d2) ] may destabilize the solitons in this case. It is observed in the figure that the initial stage of the instability-driven evolution is chaotic, eventually relaxing to a robust breather.
Finally, as it was mentioned above, the presence of the gain-loss term may induce instability in the subcritical case, σ < 2. Figure 4(e2) demonstrates an example of this instability for σ = 1.8 and γ = 0.2, provided that the soliton was created with a large value of the propagation constant (in particular, k = 20 in this figure) , where, as said above, the stabilizing effect of the subcritical instability is very weak. In this case too, the collapse does not occur (as there is nothing to drive it in the subcritical case), the instability leading to spontaneous transformation of the unstable soliton into a robust breather with an essentially smaller amplitude.
As seen from Fig. 3 , the stability region of the PTsymmetric solitons shrinks with the increase of both the nonlinearity power, σ, and gain-loss coefficient, γ. Systematically collecting numerical data, we conclude that, at a fixed value of σ, all the solitons become unstable at γ > γ max (σ), and, at a fixed value of γ, the same happens at σ > σ max (γ). As concerns value N max of the norm at which the stability ends, it essentially depends on σ and very weakly depends on γ, as shown by the stability boundaries in the (σ, N ) plane for γ = 0.1 and 0.2 in Fig. 3(d) , which are virtually identical for both these values of γ. For a fixed value of the norm, N < N max , the dependence of the stability border of γ is very weak too.
IV. CONCLUSIONS AND DISCUSSIONS
The objective of this work is to introduce settings in which intrinsically unstable solitons in 1D media modelled by the NLSE with the critical (σ = 2) and supercritical (σ > 2) self-attractive nonlinearity may be stabilized by pinning to an attractive defect, including its PTsymmetric version with strength γ of the gain-loss component. The settings represent a planar nonlinear-optical waveguide, or a super-Tonks-Girardeau gas. A remarkable fact is that full families of the pinned solitons can be found in the analytical form for the delta-functional defect, and, in the absence of the gain-loss term, their stability too admits analytical investigation, by means of the VK criterion. In particular, a stability interval exists for arbitrarily high values of the nonlinearity power σ. In the presence of the gain and loss, the stability of the PT -symmetric soliton families and the evolution of unstable solitons were investigated by means of numerical methods, revealing a nontrivial stability area in the (σ, γ) plane. For relatively small values of γ, the structure of the stability area is intricate, featuring multiple stability boundaries (which may presumably form a fractal). If the instability driven by the supercritical nonlinearity is strong enough, unstable solitons are destroyed by the collapse, both in the absence and presence of the gain-loss term. On the other hand, if the supercritical instability is weak, it does not lead, in the combination with the balanced gain and loss (γ > 0), to the collapse; instead, it spontaneously replaces unstable solitons by robust localized breathers. The same happens to those solitons which are unstable under the action of the critical nonlinearity combined with the gain-loss term. Instability is also possible if the gain and loss are added to the subcritical instability, which is close to the critical case. In the latter case, breathers emerge as well. The model with the self-repulsion was briefly considered too, with the conclusion that the localized modes pinned to the attractive defect are completely stable in that case.
A challenging direction for the extension of the present analysis is to develop it in a two-dimensional model, which may also be realized in nonlinear optics, using a bulk waveguide, with the local defect represented by an elongated core embedded in the medium.
